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                \begin{document}$$ b_{{\mathcal {W}}^{(k)}_{\mu}}(f):=\sup_{z\in {\mathbb {D}}}\mu (z)\big|f^{(k)}(z)\big|. $$\end{document}$$ The space was introduced in \[[@CR1]\] where the composition operators from the weighted Bergman space to the space were studied. Some other concrete operators on the space were later studied in \[[@CR2]--[@CR4]\].
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On the other hand, there are some natural algebraic isomorphisms between some quotient spaces and some spaces of holomorphic functions. Namely, we have $$\documentclass[12pt]{minimal}
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From ([1](#Equ1){ref-type=""}) and ([2](#Equ2){ref-type=""}) it follows that $$\documentclass[12pt]{minimal}
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Essential norm of a bounded operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L:X\to Y$\end{document}$ is defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\|L\|_{e, X\to Y}:=\inf_{K\in{\mathcal {K}}(X,Y)}\|L-K\|_{X\to Y}=\inf _{K\in{\mathcal {K}}(X,Y)}\sup_{\|x\|_{X}\le1}\big\| L(x)-K(x)\big\| _{Y}, $$\end{document}$$ that is, as the distance of operator *L* to the set of compact operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\mathcal {K}}(X,Y)$\end{document}$.
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                \begin{document}$$D^{k} f=\underbrace{D\bigl(D\bigl(\cdots(D}_{k\text{-times}}f)\cdots \bigr)\bigr). $$\end{document}$$
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                \usepackage{wasysym} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ I_{k}(f) (z):= \int_{0}^{z} \int_{0}^{\zeta_{k}}\cdots \int _{0}^{\zeta_{2}}f(\zeta_{1})\,d \zeta_{1} \,d\zeta_{2}\cdots \,d\zeta_{k}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \begin{document}$f\in H({\mathbb {D}})$\end{document}$.
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                \begin{document}$f\in H({\mathbb {D}})$\end{document}$, that is, $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \begin{document}$$ D^{k}I_{k}=\mathit{Id}_{H({\mathbb {D}})}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\mathit{Id}_{X}$\end{document}$ denotes the identity operator on space *X*.
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                \begin{document}$$ D^{j}I_{k}(f) (0)=0,\quad\mbox{for } j=\overline {0,k-1}, $$\end{document}$$ where we regard that $\documentclass[12pt]{minimal}
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                \begin{document}$D^{0}$\end{document}$ is the identity operator.

Beside this, by using the Newton-Leibnitz-type formula for holomorphic functions *k* times, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}[b] I_{k}D^{k}(f) (z)&= \int_{0}^{z} \int_{0}^{\zeta_{k}}\cdots \int_{0}^{\zeta _{2}}f^{(k)}(\zeta_{1})\,d \zeta_{1} \,d\zeta_{2}\cdots d\zeta_{k} \\ &=f(z)-\sum_{j=0}^{k-1}\frac{f^{(j)}(0)}{j!}z^{j}, \end{aligned}$$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$f\in H({\mathbb {D}})$\end{document}$, from which it follows that $$\documentclass[12pt]{minimal}
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                \begin{document}$f\in H({\mathbb {D}})/{\mathbb {P}}_{k-1}$\end{document}$, that is, $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$I_{k}D^{k}$\end{document}$ is the identity operator on $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$H({\mathbb {D}})/{\mathbb {P}}_{k-1}$\end{document}$, and consequently on its subspaces, such as are $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal {W}}^{(m)}_{\mu}/{\mathbb {P}}_{k-1}$\end{document}$, where $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$m\ge k$\end{document}$.
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\varphi \in S({\mathbb {D}})$\end{document}$. Then by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{upgreek}
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                \begin{document}$C_{\varphi }$\end{document}$ we denote the composition operator on $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$H({\mathbb {D}})$\end{document}$, which is defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{\varphi }(f)(z)=f(\varphi (z))$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$u\in H({\mathbb {D}})$\end{document}$. Then by $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$M_{g}$\end{document}$ is denoted the multiplication operator on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$H({\mathbb {D}})$\end{document}$, which is defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$M_{g}(f)(z)=g(z)f(z)$\end{document}$.

The product of operators $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
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                \begin{document}$M_{g}$\end{document}$, that is, $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(M_{g}\circ C_{\varphi }) (f) (z)=g(z)f\bigl(\varphi (z)\bigr), $$\end{document}$$ is called the weighted composition operator and is denoted by $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$gC_{\varphi }$\end{document}$.

These three operators have been considerably studied on various spaces of holomorphic functions (see, for example, \[[@CR1], [@CR2], [@CR6], [@CR11], [@CR12]\] and the references therein).

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi \in S({\mathbb {D}})$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
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                \begin{document}$g\in H({\mathbb {D}})$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\in {\mathbb {N}}$\end{document}$. We define an operator on $\documentclass[12pt]{minimal}
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                \begin{document}$$ C_{\varphi ,k}^{g}(f) (z):= \int_{0}^{z} \int_{0}^{\zeta_{k}}\cdots \int_{0}^{\zeta_{2}}f^{(k)}\bigl(\varphi ( \zeta_{1})\bigr)g(\zeta_{1})\,d\zeta_{1} \,d\zeta _{2}\cdots d\zeta_{k}, $$\end{document}$$ for $\documentclass[12pt]{minimal}
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                \begin{document}$k=1$\end{document}$ is obtained the generalized composition operator in \[[@CR9]\], which was later studied or generalized, for example, in \[[@CR10], [@CR13]--[@CR17]\]. For some related operators; see, also \[[@CR18]--[@CR28]\] and the references therein.

Note that from ([9](#Equ9){ref-type=""}) it immediately follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ D^{j}C_{\varphi ,k}^{g}(f) (0)=0,\quad\mbox{for } j=\overline {0,k-1}. $$\end{document}$$

Motivated by \[[@CR9], [@CR29], [@CR30]\] here we calculate the essential norm of operator ([9](#Equ9){ref-type=""}) between two *k*th weighted-type spaces. For some related results see also \[[@CR6], [@CR31]\].

Main results {#Sec2}
============

In this section we prove the main results in this paper.

Theorem 1 {#FPar1}
---------

*Assume that* *μ* *and* *ν* *are weights*, $\documentclass[12pt]{minimal}
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                \begin{document}$L:{\mathcal {W}}^{(k)}_{\mu}\to{\mathcal {W}}^{(m)}_{\nu}$\end{document}$ *is bounded*. *Then* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \|L\|_{e, {\mathcal {W}}^{(k)}_{\mu}\to{\mathcal {W}}^{(m)}_{\nu}}=\|L\|_{e, {\mathcal {W}}^{(k)}_{\mu}/{\mathbb {P}}_{k-1}\to {\mathcal {W}}^{(m)}_{\nu}}. $$\end{document}$$

Proof {#FPar2}
-----
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                \begin{document}$\mathcal {W}^{(0)}_{\mu}/{\mathbb {P}}_{-1}=\mathcal {W}^{(0)}_{\mu}$\end{document}$, so that ([11](#Equ11){ref-type=""}) obviously holds. Now assume that $\documentclass[12pt]{minimal}
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                \begin{document}$K:{\mathcal {W}}^{(k)}_{\mu}\to {\mathcal {W}}^{(m)}_{\nu}$\end{document}$, its restriction on $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal {W}}^{(k)}_{\mu}/{\mathbb {P}}_{k-1}$\end{document}$, that is, $\documentclass[12pt]{minimal}
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                \begin{document}$K:{\mathcal {W}}^{(k)}_{\mu}/{\mathbb {P}}_{k-1}\to {\mathcal {W}}^{(m)}_{\nu}$\end{document}$, is also a compact operator, from which along with the definition of the essential norm of an operator, it easily follows that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \|L\|_{e, {\mathcal {W}}^{(k)}_{\mu}/{\mathbb {P}}_{k-1}\to {\mathcal {W}}^{(m)}_{\nu}}\le\|L\|_{e, {\mathcal {W}}^{(k)}_{\mu}\to {\mathcal {W}}^{(m)}_{\nu}}. $$\end{document}$$
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                \begin{document}$K:{\mathcal {W}}^{(k)}_{\mu}/{\mathbb {P}}_{k-1}\to{\mathcal {W}}^{(m)}_{\nu}$\end{document}$ be a compact operator and $\documentclass[12pt]{minimal}
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                \begin{document}$$\widetilde{K} (f) (z)=K \Biggl(f-\sum_{j=0}^{k-1}a_{j}z^{j} \Biggr), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$j=\overline {0,k-1}$\end{document}$, is defined an extension of operator *K* on the whole space $\documentclass[12pt]{minimal}
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                \begin{document}$\widetilde{K}:{\mathcal {W}}^{(k)}_{\mu}\to{\mathcal {W}}^{(m)}_{\nu}$\end{document}$, which is obviously a compact operator. Denote the set of such obtained operators *K̃* by $\documentclass[12pt]{minimal}
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                \begin{document}$\widetilde{\mathcal {K}}$\end{document}$.
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                \usepackage{upgreek}
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                \begin{document}$L_{1}:{\mathcal {W}}^{(k)}_{\mu}\to{\mathcal {W}}^{(m)}_{\mu}$\end{document}$ be a bounded operator, then the operator $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\widetilde{L}_{1}(f):=L_{1} \Biggl(\sum_{j=0}^{k-1}a_{j}z^{j} \Biggr)=\sum_{j=0}^{k-1}a_{j}L_{1} \bigl(z^{j}\bigr), $$\end{document}$$ where, as above, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\mathcal {W}}^{(m)}_{\mu}$\end{document}$, and is compact, since its image is a finite-dimensional space.
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                \begin{document}$$\begin{aligned}[b] &\|L\|_{e, {\mathcal {W}}^{(k)}_{\mu}\to{\mathcal {W}}^{(m)}_{\nu}}\\ &\quad=\inf_{K_{1}\in{\mathcal {K}}({\mathcal {W}}^{(k)}_{\mu},{\mathcal {W}}^{(m)}_{\nu})}\|L-K_{1} \|_{{\mathcal {W}}^{(k)}_{\mu}\to {\mathcal {W}}^{(m)}_{\nu}} \\ &\quad\le\inf_{\widetilde{K}\in{\mathcal {K}}({\mathcal {W}}^{(k)}_{\mu},{\mathcal {W}}^{(m)}_{\nu})\cap\widetilde{\mathcal {K}}}\|L-\widetilde{K}-\widetilde{L}\|_{{\mathcal {W}}^{(k)}_{\mu}\to{\mathcal {W}}^{(m)}_{\nu}} \\ &\quad=\inf_{\widetilde{K}\in{\mathcal {K}}({\mathcal {W}}^{(k)}_{\mu},{\mathcal {W}}^{(m)}_{\nu})\cap\widetilde{\mathcal {K}}} \sup_{\|f\|_{{\mathcal {W}}^{(k)}_{\mu}}\le1}\big\| L(f)-\widetilde{K}(f)-\widetilde{L}(f)\big\| _{{\mathcal {W}}^{(m)}_{\nu}} \\ &\quad=\inf_{K\in{\mathcal {K}}({\mathcal {W}}^{(k)}_{\mu}/{\mathbb {P}}_{k-1},{\mathcal {W}}^{(m)}_{\nu})}\sup_{\|f\|_{{\mathcal {W}}^{(k)}_{\mu}}\le1}\Bigg\| L(f)-K \Biggl(f- \sum_{j=0}^{k-1}a_{j}z^{j} \Biggr)-L \Biggl(\sum_{j=0}^{k-1}a_{j}z^{j} \Biggr) \Bigg\| _{{\mathcal {W}}^{(m)}_{\nu}} \\ &\quad=\inf_{K\in{\mathcal {K}}({\mathcal {W}}^{(k)}_{\mu}/{\mathbb {P}}_{k-1},{\mathcal {W}}^{(m)}_{\nu})}\sup_{\|f\|_{{\mathcal {W}}^{(k)}_{\mu}}\le1} \Bigg\| (L-K) \Biggl(f- \sum_{j=0}^{k-1}a_{j}z^{j} \Biggr) \Bigg\| _{{\mathcal {W}}^{(m)}_{\nu}} \\ &\quad\le\inf_{K\in{\mathcal {K}}({\mathcal {W}}^{(k)}_{\mu}/{\mathbb {P}}_{k-1},{\mathcal {W}}^{(m)}_{\nu})}\sup_{\{g\in{\mathcal {W}}^{(k)}_{\mu}/{\mathbb {P}}_{k-1}:\|g\|_{{\mathcal {W}}^{(k)}_{\mu}}\le1\}}\big\| (L-K) (g)\big\| _{{\mathcal {W}}^{(m)}_{\nu}} \\ &\quad=\inf_{K\in{\mathcal {K}}({\mathcal {W}}^{(k)}_{\mu}/{\mathbb {P}}_{k-1},{\mathcal {W}}^{(m)}_{\nu})}\|L-K\|_{{\mathcal {W}}^{(k)}_{\mu}/{\mathbb {P}}_{k-1}\to{\mathcal {W}}^{(m)}_{\nu}}=\|L\|_{e, {\mathcal {W}}^{(k)}_{\mu}/{\mathbb {P}}_{k-1}\to {\mathcal {W}}^{(m)}_{\nu}}.\end{aligned} $$\end{document}$$ From ([12](#Equ12){ref-type=""}) and ([13](#Equ13){ref-type=""}), equality ([11](#Equ11){ref-type=""}) follows. □

Theorem 2 {#FPar3}
---------

*Assume that* *μ* *and* *ν* *are weights*, $\documentclass[12pt]{minimal}
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                \begin{document}$$ \big\| C_{\varphi ,k}^{g}\big\| _{e, {\mathcal {W}}^{(m+l-1)}_{\mu}\to{\mathcal {W}}^{(m)}_{\nu}}=\|gC_{\varphi } \|_{e, {\mathcal {W}}^{(m+l-k-1)}_{\mu}\to {\mathcal {W}}^{(m-k)}_{\nu}}. $$\end{document}$$

Proof {#FPar4}
-----
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Hence, by using ([21](#Equ21){ref-type=""})-([23](#Equ23){ref-type=""}) and some simple estimates, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}[b] \big\| C_{\varphi ,k}^{g}f-\widetilde{K}f\big\| _{{\mathcal {W}}^{(m)}_{\nu}} &= \big\| I_{k}D^{k}C_{\varphi ,k}^{g}I_{k}D^{k}f-I_{k}KD^{k}f \big\| _{{\mathcal {W}}^{(m)}_{\nu}} \\ &=\big\| I_{k}\bigl(D^{k}C_{\varphi ,k}^{g}I_{k}-K \bigr)D^{k}f\big\| _{{\mathcal {W}}^{(m)}_{\nu}} \\ &=\big\| (gC_{\varphi }-K)D^{k}f\big\| _{{\mathcal {W}}^{(m-k)}_{\nu}} \\ &\le\|gC_{\varphi }-K\|_{{\mathcal {W}}^{(m+l-k-1)}_{\mu}/{\mathbb {P}}_{m+l-k-2}\to {\mathcal {W}}^{(m-k)}_{\nu}}\big\| D^{k}f\big\| _{{\mathcal {W}}^{(m+l-k-1)}_{\mu}} \\ &\le\|gC_{\varphi }-K\|_{{\mathcal {W}}^{(m+l-k-1)}_{\mu}/{\mathbb {P}}_{m+l-k-2}\to {\mathcal {W}}^{(m-k)}_{\nu}}\|f\|_{{\mathcal {W}}^{(m+l-1)}_{\mu}}.\end{aligned} $$\end{document}$$
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Using this facts and ([5](#Equ5){ref-type=""}), it follows that $$\documentclass[12pt]{minimal}
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By taking the supremum in ([27](#Equ27){ref-type=""}) over the unit ball in $\documentclass[12pt]{minimal}
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Before we formulate our next results, we want to say that their proofs are related to the one of Theorem [2](#FPar3){ref-type="sec"}, but we will give all the differences for the completeness.

Theorem 3 {#FPar5}
---------

*Assume that* *μ* *and* *ν* *are weights*, $\documentclass[12pt]{minimal}
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Proof {#FPar6}
-----
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Theorem 4 {#FPar7}
---------
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Proof {#FPar8}
-----

First we prove the following inequality: $$\documentclass[12pt]{minimal}
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                \begin{document}$K:{\mathcal {W}}^{(m+l-1)}_{\mu}/{\mathbb {P}}_{m+l-2}\to{\mathcal {W}}^{(m)}_{\nu}/{\mathbb {P}}_{m-1}$\end{document}$ be a compact operator. Then the operator $$\documentclass[12pt]{minimal}
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Hence, as in ([27](#Equ27){ref-type=""}) we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \big\| gC_{\varphi }f-D^{k}KI_{k}f\big\| _{{\mathcal {W}}^{(m-k)}_{\nu}} \le \big\| C_{\varphi ,k}^{g}-K\big\| _{{\mathcal {W}}^{(m+l-1)}_{\mu}/{\mathbb {P}}_{m+l-2}\to {\mathcal {W}}^{(m)}_{\nu}/{\mathbb {P}}_{m-1}}\|f\|_{{\mathcal {W}}^{(m+l-k-1)}_{\mu}}. $$\end{document}$$
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                \begin{document}$K:{\mathcal {W}}^{(m+l-1)}_{\mu}/{\mathbb {P}}_{m+l-2}\to{\mathcal {W}}^{(m)}_{\nu}/{\mathbb {P}}_{m-1}$\end{document}$, we get ([42](#Equ42){ref-type=""}). From ([39](#Equ39){ref-type=""}) and ([42](#Equ42){ref-type=""}) is obtained ([38](#Equ38){ref-type=""}). □

Theorem 5 {#FPar9}
---------

*Assume that* *μ* *and* *ν* *are weights*, $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \big\| C_{\varphi ,k}^{g}\big\| _{e, {\mathcal {W}}^{(m)}_{\mu}/ {\mathbb {P}}_{m-1}\to {\mathcal {W}}^{(m+l-1)}_{\nu}/ {\mathbb {P}}_{m+l-2}} = \|gC_{\varphi } \|_{e, {\mathcal {W}}^{(m-k)}_{\mu}/ {\mathbb {P}}_{m-k-1}\to{\mathcal {W}}^{(m+l-k-1)}_{\nu}/ {\mathbb {P}}_{m+l-k-2}}. $$\end{document}$$

Proof {#FPar10}
-----
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Using these two facts and the boundedness of the operator $\documentclass[12pt]{minimal}
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                \begin{document}$C_{\varphi ,k}^{g}:{\mathcal {W}}^{(m)}_{\mu}/{\mathbb {P}}_{m-1}\to {\mathcal {W}}^{(m+l-1)}_{\nu}/{\mathbb {P}}_{m+l-2}$\end{document}$, we see that the operator ([21](#Equ21){ref-type=""}) maps the space $\documentclass[12pt]{minimal}
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Hence, as in ([35](#Equ35){ref-type=""}) we have $$\documentclass[12pt]{minimal}
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Hence, as in ([37](#Equ37){ref-type=""}) we have $$\documentclass[12pt]{minimal}
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By taking the supremum in ([49](#Equ49){ref-type=""}) over the unit ball in $\documentclass[12pt]{minimal}
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                \begin{document}$K:{\mathcal {W}}^{(m)}_{\mu}/{\mathbb {P}}_{m-1}\to{\mathcal {W}}^{(m+l-1)}_{\nu}/{\mathbb {P}}_{m+l-2}$\end{document}$, we get ([48](#Equ48){ref-type=""}). From ([45](#Equ45){ref-type=""}) and ([48](#Equ48){ref-type=""}) is directly obtained ([44](#Equ44){ref-type=""}), finishing the proof of the theorem. □

**Competing interests**

The author declares that he has no competing interests.

**Authors' contributions**

The author has contributed solely to the writing of this paper. He read and approved the manuscript.

**Publisher's Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
